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Abstrat
We investigate an extension of the voter model in whih voters are equipped with an
individual inertia to hange their opinion. This inertia depends on the persistene time of a
voter's urrent opinion (ageing). We fous on the ase of only two dierent inertia values:
zero if a voter just hanged towards a new opinion and ν otherwise. We are interested in
the average time to reah onsensus, i.e. the state in whih all voters have adopted the same
opinion. Adding inertia to the system means to slow down the dynamis at the voter's level,
whih should presumably lead to a slower onsensus formation. As an unexpeted outome
of our inertial voter dynamis, there is a parameter region of ν where an inreasing inertia
leads to a faster onsensus formation. These results rest on the heterogeneity of voters whih
evolves through the desribed ageing. In a ontrol setting of homogeneous inertia values,
we only nd monotonously inreasing onsensus times. In the paper, we present dynamial
equations for the mean-eld ase whih allow for analytial insight into the observed slower-
is-faster eet.
1 Introdution
Deision making means a seletion among alternatives. It is one of the fundamental proesses in
eonomis, but also in soial systems. If these systems onsist of many interating elements  that
we will all voters from now on  the system dynamis may be desribed on two dierent levels:
the mirosopi level, where the deisions of the individual voters our and the marosopi
level, where a ertain olletive behavior an be observed (23).
Based on inomplete information, how does a voter take its deision on a partiular subjet? A
simple utility maximization strategy may fail beause in many soial situations, for example in
publi votes, the private utility annot easily be quantied, i.e. voters do not exatly know about
it. So, voters have to involve supplemented strategies to take their deisions. In order to redue
the risk of making the wrong deision, it seems to be appropriate just to opy the deisions
of others. Suh an imitation strategy is widely found in biology, but also in ultural evolution.
Dierent speies, inluding humans, imitate the behavior of others of their speies to beome
suessful or just to adapt to an existing ommunity (7).
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In order to understand the intrinsi properties of systems omprising many suh individuals, a
number of models have been developed that take the spread of opinions as sample appliation.
Early approahes in the soial sienes showed that the existene of positive soial inuene (i.e.
imitation behavior) tends to establish homogeneity (i.e. onsensus) among individuals (1; 10).
The voter model (VM), rigorously dened by (author?) (18), onrms these results. Other
works showed that seletion of interation partners (bounded ondene (5; 14)) an lead to
stable diversity of opinions, even when onsidering positive soial inuene.
Here, we fous on the VM  a paradigmati model to simulate suh imitation behavior. Beause
of its simpliity, it allows for many analytial alulations (18; 22) and, therefore, serves a om-
prehensive understanding of the dynamis involved. Appliation areas of the VM range from
oarsening phenomena (6), spin-glasses (8; 18), speies ompetition (4; 21), and opinion dynam-
is (17). Among the most prominent properties of the VM, the onservation of magnetization
has extensively been studied (2; 9; 27) and ompared to other prototypial models, suh as the
Ising Model with Kawasaki dynamis (13).
Based on the VM, investigations were onduted to study interesting emergent phenomena and
relevant appliations. Suh works omprise the possibility of minority opinion spreading (12; 29),
dominane in predator-prey systems (21), forest growth with tree speies ompetition (4), and
the role of bilingualism in the ontext of language ompetition (3). The question of onsensus
times and their saling for dierent system harateristis was partiularly addressed in several
studies (2; 18; 22; 25; 28).
In this paper, we study a modied version of the VM introdued reently (26). There, we assume
that an individual voter has a ertain inertia νi to hange its opinion. νi inreases with the
persistene time τi whih is the time elapsed sine the last hange of opinion. The longer the
voter already stays with its urrent opinion, the less it may be inlined to hange it in the next
time step. We show that this slowing-down of the dynamis at the mirosopi level of the voters
an lead to an aelerated formation of onsensus at the marosopi level. In this paper, we
extend the previous results by presenting a redued desription of the model whih bases on
only two levels of inertia. We show that this redution still explains the origin of the faster
onsensus formation and thus omplement the results presented in (26). Moreover, we emphasize
the relevane of our approah for the researh of soial dynamis.
At dierene with the standard VM, our extension onsiders the urrent opinion of voters as an
important deisive fator. The voters do not only at based on the frequenies in their neigh-
borhood, but take their own urrent opinion into partiular aount. This general idea an also
be ompared to the models of ontinuous opinion dynamis (see (5; 14; 19)): already in the
basi ontinuous models, the urrent opinion of a deiding individual is of high importane.
More preisely, it is as deisive as the average opinion in the onsidered neighborhood beause
the updated opinion is the average of both. The onept of bounded ondene emphasizes this
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importane beause individuals do only approah opinions that are not too far away from their
own urrent one. Therefore, bounded ondene an also be interpreted as a kind of inertia that
tend to let individuals keep their own urrent opinion. However, the parameter regulating the
ondene interval is generally kept onstant in time whereas, in our model, individuals hange
their deision behavior dependent on their history.
Our new parameter ν, that redues the probability of state hanges in the VM, an have dierent
interpretations in the various elds of appliation of the VM: it may haraterize moleules that
are less reative, the permanent alignment of spins in a magnet, et. In eonomis, hanges may
be disarded due to transition- or sunk osts. In soial appliations, there are at least two
interpretations for the parameter ν: (i) within the onept of soial inertia, whih deals with a
habituation of individuals and groups to ontinue their behavior regardless of possible advantages
of a hange, (ii) to reet a (subjetive or objetive) onvition regarding a view or an opinion.
Originally, the latter point served as a motivation for us to study the impliations of built-in
onvition in a simple imitation model like the VM. Will the systems, dependent on the level
of onvition, still reah a onsensus state, or an we observe the segregation of opinions? How
does the ordering dynamis and the emergent opinion patterns look like?
Our investigations fous on the average time to reah onsensus, i.e. the number of timesteps the
system evolves until it reahes an equilibrium state in whih all voters have the same opinion.
Taking into aount the inertia introdued to the VM, we would assume that the time to reah
onsensus shall be inreased beause of the slowed-down voter dynamis. Counter-intuitively,
we nd that inreasing inertia in the system an derease the time to reah onsensus. This
result resembles the faster-is-slower eet reported in a dierent ontext by (author?) (15). In
their work on pani situations, they explain why rooms an be evauated faster if people move
slower than a ritial value through the narrow exit door. When individuals try to get out as
fast as they an, this results in logging eets in the viinity of the door, whih dereases the
overall evauation speed. Note that although the phrase slower-is-faster is appropriate for both
ndings, our eet has to be learly distinguished from the one desribed by Helbing et al.. In
their generalized fore model, an individual inrease in the desired veloity would have a ontrary
eet on the mirosopi level, i.e. all individuals would get slower and thereby the marosopi
dynamis would be deelerated. In our ase, mirosopi hanges produe the ounter-intuitive
eet only on the marosopi level.
This paper is organized as follows: In the following Setion 2, we introdue the model. In Se-
tion 3 we present simulation results of our main nding, the slower-is-faster eet on reahing
onsensus through inertial voters. Setion 4 investigates deeper, under whih irumstanes the
eet an be observed and introdues a theoretial framework, that allows to understand the
phenomenon. Finally, the onlusions are drawn in Setion 5.
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2 The model
2.1 The standard voter model
In the original voter model (6; 16; 18), N voters are positioned at the sites of a regular,
d−dimensional lattie, the topology whih denes the number of neighbors for eah voter. Every
voter has one of two possible opinions σi = ±1. A timestep onsists of N update events in eah of
whih one voter is piked at random and adopts the opinion of one of the voters he is onneted
to. Thus, the probability that voter i adopts opinion σ, that we will denote W Vi (σ), is equal to
the density of opinion σ in its neighborhood. Hene,
W Vi (σ, t) ≡W
V
i (σ|σi, t) =
1
2

1 + σ
k
∑
j∈{i}
σj(t)

 , (1)
where k is the number of neighbors eah voter has, and {i} is the set of its neighbors. Note that
this equation an also be applied to networks of dierent topology, as we will do later on.
The dynamis is a utuation driven proess that, for nite system sizes, ends up in one of
two absorbing states, i.e., onsensus in one of either opinions. The time to reah onsensus, Tκ,
depends on the size of the system and the topology of the neighborhood network. For regular
latties with dimension d = 1, Tκ ∝ N
2
, for d = 2, Tκ ∝ lnN , and for d > 2, Tκ ∝ N . A ritial
dimension d = 2 was found, below whih the system oarsens. For any dimension larger than 2,
the system an get trapped in disordered ongurations in innite systems (24).
Let Pσ(t) be the global density of voters with opinion σ at time t. The average opinion of
the system (also alled magnetization analogous to studies of spin systems in physis) an be
omputed as
M(t) = P+(t)− P−(t). (2)
The order parameter, most often used in the voter model, is that of the average interfae density
ρ. It gives the relative number of links in the system that onnet two voters with dierent
opinions and an be written as
ρ(t) =
1
4
∑
i
∑
j∈{i}
(
1− σi(t)σj(t)
)
. (3)
In the mean eld limit, that we will study in more detail later on, we assume that the hange in
the opinion of an individual voter only depends on the average densities of the dierent opinions
in the whole system. Therefore, we replae the loal densities Eq. (1) by global ones, whih
leads to the adoption probabilities W V (σ|−σ, t) = Pσ(t). For the marosopi dynamis, we an
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ompute the hange in the global density of one opinion as
Pσ(t+ 1)− Pσ(t) = W
V (σ| − σ, t)P−σ(t)−W
V (−σ|σ, t)Pσ(t)
= Pσ(t)P−σ(t)− P−σ(t)Pσ(t)
≡ 0, (4)
i.e. the density of eah opinion is onserved for every state of the system. In the simulations,
onsensus is reahed by nite-size utuations only.
2.2 The voter model with soial inertia
Dierent from the standard VM desribed above, we onsider that voters additionally are har-
aterized by a parameter νi, an inertia to hange their opinion. This extension leads us to the
inertial voter model, in whih we have to distinguish between the probability that voter i hanges
its opinion
Wi(−σi|σi, νi) = (1− νi)W
V
i (−σi) (5)
and the omplementary probability of stiking to its previous opinion Wi(σi|σi, νi) = 1 −
Wi(−σi|σi, νi). In this setting, νi represents the strength of onvition that voter i has re-
garding its opinion.
We onsider that the longer a voter has been keeping its urrent opinion, the less likely he will
hange to the other one. For the sake of simpliity, we onsider that the inertia grows with the
persistene time as
νi(τ) =
{
ν0, if τ = 0
ν, if τ > 0
. (6)
At time t = 0, and in every timestep after voter i has hanged its opinion, the persistene time
is reset to zero, τi = 0, and the inertia has the minimal onstant value ν0.
1
Whenever a voter
keeps its opinion, its inertia inreases to ν. We will study two distint senarios later on: (i) xed
soial inertia where ν0 = ν is a onstant value for all voters. (ii) ν0 < ν, a senario in whih
inertia grows for larger persistene times.
It would be expeted that inluding inertial behavior in the model would invariably lead to
a slowing-down of the ordering dynamis. We will show that, ontrary to this intuition, these
settings an lead to a muh faster onsensus.
1
Note that the results of this paper are qualitatively robust against hanges in the onrete funtion νi(τ ).
For more details on this see (26).
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3 Numerial Results
We performed extensive omputer simulations in whih we investigated the time to reah on-
sensus, Tκ, for systems of N voters. We used random initial onditions with equally distributed
opinions and an asynhronous update mode, i.e. on average, every voter updates its opinion
one per timestep. The numerial results orrespond to regular d−dimensional latties (von-
Neumann neighborhood) with periodi boundary onditions, and small-world networks with an
homogeneous degree distribution.
3.1 Fixed soial inertia
We rst onsider the ase of a xed and homogeneous inertia value ν0 = ν. In the limit ν → 0,
we reover the standard VM, while for ν = 1 the system gets frozen in its initial state. For
0 ≤ ν < 1, the time to reah global onsensus shall be aeted onsiderably, i.e. the system will
still always reah global onsensus, but this proess is deelerated for higher values of ν. This
an be onrmed by omputer simulations whih assume a onstant inertia equal for all voters
(see left panel in Fig. 1).
In the right panel of Fig. 1, we depit the evolution of the interfae density ρ for both the standard
VM and the inertial VM with ν0 = ν = 0.5. Dierenes between these ases an be seen in the
very beginning and at about 103 time steps, right before the steep deay of disorder in the system.
There, the ordering proess is slower than in the VM without inertia. The distributions of Tκ at
dierent ν-values are very similar and show the log-normal like form known from the standard
VM (ν = 0).
This behavior an be well understood by analyzing Eq. (5). It an be seen that the ra-
tio between the opinion hanges in the standard VM and the inertial VM is given by
W (−σ|σ, ν)/W V (−σ|σ, 0) = (1 − ν). Consequently, it is possible to infer that the harater-
isti time sale for a VM with xed inertia will be resaled as t → tV /(1 − ν). As an be seen
in Fig. 1, there is good agreement between this theoretial predition and omputer simulations
in both: the average time to onsensus (see panel (a)), and the time evolution of the interfae
density (inset of panel (b)).
3.2 Evolving soial inertia
We now turn our attention to the ase where the individual inertia values evolve with respet
to the persistene time aording to Eq. (6). Without loss of generality, we x ν0 = 0. Other
hoies simply deelerate the overall dynamis as desribed in the previous subsetion. Note that
inreasing ν inreases the level of soial inertia in the voter population. Fig. 2 shows the average
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Figure 1: (Left panel) Average times to onsensus Tκ in the voter model with a xed and
homogeneous inertia value ν0 = ν. The line orresponds to the theoretial predition
Tκ(ν) = Tκ(ν = 0)/(1 − ν), whose details are given in the text. (Right panel) Compari-
son of the development of the average interfae density ρ in the voter model and the model
with xed inertia. The urves orrespond to the mean values obtained out of 500 realizations.
(Right panel, inset) Collapse of the urves where the time sale has been resaled aording to
t → t/(1 − ν). The system size is N = 30 × 30 in both panels and the voters are plaed in a
two-dimensional regular lattie.
time to reah onsensus as a funtion of the parameter ν, namely the maximum inertia value
reahed by the voters when the system is embedded in regular latties of dierent dimensions.
In Fig. 2, it is apparent that, for latties of dimension d ≥ 2, the system exhibits a notieable
redution in the time to reah onsensus for intermediate values of the ontrol parameter ν. We
observe that there is a ritial value of ν suh that the average onsensus time reahes a minimum.
Espeially ompared to the results of the previous setion, this result is against the intuition that
a slowing-down of loal dynamis would lead to slower global dynamis. Furthermore, it is also
apparent that the larger the dimension of the lattie, the more pronouned is the phenomenon
is. Fig. 2(a) shows the results for a one-dimensional lattie, where the phenomenon is not present
at all. For this network topology, it is found that all the urves ollapse aording to a saling
relation Tκ(ν,N) = Tκ(ν)/N
2
.
In Fig. 3, we plot Tκ as a funtion of the maximum inertia value ν for dierent small-world
networks (30). Starting with a two-dimensional regular lattie, two edges are randomly seleted
from the system and with probability ω their end nodes are exhanged (20). With this proedure,
the number of neighbors remains onstant for every voter. It an be seen that the phenomenon
of lower onsensus times for intermediate inertia values is also present in small world networks.
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Figure 2: Average time to reah onsensus Tκ as a funtion of the maximum inertia value ν.
Panels (a), (b), () and (d) show the results for dierent system sizes in one-, two-, three-, and
four-dimensional regular latties, respetively. The results are averaged over 104 realizations.
The system sizes for the dierent panels are the following: (a) N = 50 (◦), N = 100 (△),
N = 500 (); (b) N = 302 (◦), N = 502 (△), N = 702 (); () N = 103 (◦), N = 153 (△),
N = 183 (); (d) N = 44 (◦), N = 54 (△), N = 74 ().
Furthermore, inreasing the rewiring probability ω leads to larger redutions of the onsensus
times at the optimal value νc. This implies that the formation of spatial ongurations, suh as
lusters, is not the origin of this slower-is-faster eet.
Finally, we show the results on a fully-onneted network, i.e. where every voter has N − 1
neighbors. The results are shown in Fig. 5. As an be seen, the time to reah onsensus is
signiantly dereased for intermediate values of ν.
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Figure 3: Dependene of the average time to onsensus on the ontrol parameter ν. The sym-
bols represent dierent rewiring probabilities ω, when the network topology is a small-world
one. The urves orresponds to ω = 0 (◦), ω = 0.03 (△), ω = 0.1 (), and ω = 0.9 (♦).
4 Analytial approah
As already mentioned, the results of Figs. 3 and 5 indiate that the spatial lustering plays no
important role for the voters' ageing
2
and, therefore, for the qualitative behavior observed. This
nding allows for a quantitative approah to the dynamis in the mean-eld limit, i.e., we now
use the global densities of opinions to alulate the probability Wi(−σi|σi, νi) in Eq. (5).
Let us rst introdue pσl (t) as the fration of voters with opinion σ and inertia state l. I.e. l = 1
if they are inertial (τ > 0) and l = 0 if they are not inertial (τ = 0). Thus, voters with opinion
+1 that hanged their opinion in the last update step would ontribute to the quantity p+
0
(t),
without an opinion hange they would ontribute to p+
1
(t). The global density of an opinion σ
at time t is given by
Pσ(t) = p
σ
0 (t) + p
σ
1 (t). (7)
Fig. 4 illustrates the possible transitions of voters from one fration to another.
For the mean eld limit, the evolution equations have the form
pσ0 (t+ 1)− p
σ
0 (t) = W (σ| − σ, 0)p
−σ
0
+W (σ| − σ, ν)p−σ
1
−(W (−σ|σ, 0) +W (σ|σ, 0))pσ0 (8)
pσ1 (t+ 1)− p
σ
1 (t) = W (σ|σ, 0)p
σ
0 −W (−σ|σ, ν)p
σ
1 . (9)
2
By ageing we mean the possibility to build up higher persistene times that in turn lead to inreasing inertia
values.
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0
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0
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1
Figure 4: Illustration of the four frations pσl and the possible transitions of a voter.
In these equations, the global hanging and stiking probabilities are easily found by using
Eqs. (1) and (5),
W (−σ|σ, 0) = W V (−σ) = P−σ(t),
W (σ|σ, 0) = W V (σ) = Pσ(t),
W (−σ|σ, ν) = (1− ν)W V (−σ) = (1− ν)P−σ(t),
W (σ|σ, ν) = 1− (1− ν)W V (σ) = P−σ(t) + νPσ(t).
After some steps of straightforward algebra, the former expressions an be written in the example
of the +1 opinion as
p+
0
(t+ 1)− p+
0
(t) = P+(t)
[
p−
0
(t) + (1− ν)p−
1
(t)
]
− p+
0
(t), (10)
p+
1
(t+ 1)− p+
1
(t) = P+(t)p
+
0
(t) + P−(t) p
+
1
(t)(ν − 1), (11)
and the equivalent terms are found for opinion −1.
The global density of the +1 opinion evolves as the sum of Eqs. (10) and (11) whih yields, after
some more straightforward algebra, the hange in the global density
P+(t+ 1)− P+(t) = ν
[
p−
0
(t) p+
1
(t)− p+
0
(t)p−
1
(t)
]
. (12)
For ν = 0, i.e. the standard VM, we obtain the general onservation of magnetization that we
already have seen in Eq. (4). For ν > 0 everything depends on the quantities pσl (t). If there is
no heterogeneity of soial inertia in the system, i.e. if at some time either p+
0
(t) + p−
0
(t) = 1 or
p+
1
(t) + p−
1
(t) = 1, then there also is no dynamis in the magnetization. The same holds if both
produts in the squared brakets of Eq. (12) are equally high. This is true if P+ = P− and the
ratio of inertial voters is the same within the two global densities, i.e. if p+
0
(t) = p−
0
(t).
In the remaining ongurations of these four quantities, there is a dynamis in the magnetization
of the system. This implies that even if the global densities of the opinions are the same (P+ =
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P− = 0.5), we an nd a evolution towards full onsensus at one of the opinions. Interestingly,
the opinion whose density is inreasing an be the minority opinion in the system. In general, at
every timestep an opinion σ has an inreasing share of voters in the system whenever its internal
ratio of inertial voters reahes the inequality
pσ1
pσ
0
>
p−σ
1
p−σ
0
. (13)
However, the omplete proess is nonlinear and, therefore, it is not possible to derive the nal
outome of the dynamis from Eq. 13.
Note that ondition (13) is evidene of the important role of the heterogeneity of voters on the
dynamis in the system. More preisely, the main driving fore of the observed slower-is-faster
eet is the voters' heterogeneity with respet to their inertia.
In order to have an analytial estimation of the eet of soial inertia on the times to onsensus,
we initialize the system in a situation just after the symmetry is broken. In partiular, we
artiially set the initial densities to dier slightly, i.e. we set p+
0
(0) = 1/2 + N−1 and, hene,
p−
0
(0) = 1/2 −N−1.3 Then we iterate aording to Eqs. (10) and (11). Furthermore, we assume
that the onsensus is reahed whenever for one opinion pσ0 (t) + p
σ
1 (t) ≤ N
−1
holds.
4
This is due
to the fat that for a system of size N , if the frequeny of the minority state falls below N−1, the
absorbing state is reahed. As we are interested in the eet of dierent inertia-levels, we again
use ν as ontrol parameter and ompare the results with omputer simulations of the idential
setup of our inertial VM. In Fig. 5, the lines orrespond to this theoretial analysis, where a
qualitative agreement an be seen with the simulation results.
5 Conlusions
The time for reahing a fully ordered state in a two-state system suh as the voter model is a
problem that attrated attention from dierent elds in the last years. In this paper, we studied
the eet of soial inertia in the VM based on the assumption that soial inertia grows with the
time the voter has been keeping its urrent opinion. We fous our study on how the times to
onsensus vary depending on the level of inertia in the population (ν).
Counter-intuitively to the expetation that inreasing inertia may lead to inreasing times to
reah onsensus, we nd that, for intermediate values of ν, this inertia mehanism auses the
3
We also alulated the theoretial preditions for breaking the symmetry in the other way, namely by setting
p+0 (0) = 1/2−N
−1
and p+1 (0) = N
−1
. Here, again opinion +1 is favored, but this time just by a higher fration
of inertial voters. The initial densities of opinions are equal. Qualitatively, this proedure leads to the same
theoretial preditions.
4
With the desribed initial ondition, +1 an be the only onsensus opinion.
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Figure 5: Averaged times to onsensus Tκ as a funtion of the value of soial inertia ν. Sym-
bols show the simulation results for dierent system sizes, interseted lines the results of the
theoretial estimation. A fully onneted network of voters was used.
system to reah onsensus faster than in the standard VM. We show that this phenomenon is
robust against the exat topology of the neighborhood network as we nd it in regular latties and
small-world networks. In the former holds that the larger the dimension, the more notieable the
eet. Furthermore, we found that the phenomenon also appears in random and fully-onneted
networks.
In simple words, this intriguing eet an be understood as follows: Due to utuations, one
of the opinions is able to aquire a slight majority of voters. Therefore, voters of this opinion
hange less likely and, hene, the average inertia of this opinion will be higher than the other.
Sine inertia redues emigration, but not immigration, the majority will beome even larger. This
development is enfored by higher values of ν and onstitutes a lear diretion of the ordering
dynamis whih intuitively an lead to a faster reahing of onsensus. However, for high values of
ν, this development is outperformed by the high level of average inertia in the omplete system,
i.e. also within the minority population of voters, whih slows down the overall time sale of the
ordering dynamis (ompare Fig. 1).
Interestingly, this phenomenon implies that individuals relutant to hange their opinion an
have a ounter-intuitive eet on the onsensus proess, whih was studied for some partiular
ases before (11). Furthermore, an inertial minority an overome a less inertial majority in a
similar fashion as previously disussed in (12; 29).
Whereas, in a reent paper, we derived the omplete marosopi dynamis of a system with
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slowly inreasing inertia (26), here we disuss a redued model based on only two levels of iner-
tia. Albeit simple, this model an still give rise to the observed slower-is-faster phenomenon. It
also allows for a theoretial approah to unveil its origin, namely the desribed ageing-mehanism
that breaks the magnetization onservation. This is dierent from the standard VM where mag-
netization is always onserved. We showed that the break of magnetization onservation only
holds when the voters build up a heterogeneity with respet to their inertia to hange opinion.
Therefore, one the symmetry between (a) the global densities of the two possible states and/or
(b) the proportions of inertial voters is broken, the favored state (opinion) ahieves both (i) a
reinforement of its average inertia and (ii) a fast reruitment of the less inertial state. Both
eets ontribute to a faster deviation from the symmetri state. For some parameter ranges,
these mehanisms outweigh the inreasement in the time to reah onsensus generated by the
high inertia of the state that disappeared in equilibrium.
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